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Let E be a ﬁnite dimensional symplectic space over a local ﬁeld of
characteristic zero. We show that for every element x˜ in the meta-
plectic double cover S˜p(E) of the symplectic group Sp(E), x˜ and
x˜−1 are conjugate by an element of GSp(E) with similitude −1.
© 2011 Elsevier Inc. All rights reserved.
1. The result
Let (E, 〈 , 〉E ) be a ﬁnite dimensional symplectic space over a local ﬁeld of characteristic zero.
Denote by
1 → {±1} → S˜p(E) p→ Sp(E) → 1
the metaplectic cover of the symplectic group Sp(E). This is a topologically exact sequence of locally
compact topological groups. It splits when either E = 0 or the underlying local ﬁeld is the complex
number ﬁeld C. Otherwise, this is the unique non-split (topological) central extension of Sp(E) by
{±1} (cf. [Moo, Theorem 10.4]).
Denote by S˘p(E) the subgroup of GSp(E) with similitude ±1, namely,
S˘p(E) := {(g, δ) ∈ GL(E) × {±1} ∣∣ 〈gv, gv ′〉E = δ
〈
v, v ′
〉
E for all v, v
′ ∈ E}.
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is a unique action
Ad : S˘p(E) × S˜p(E) → S˜p(E) (1)
of S˘p(E) as group automorphisms on S˜p(E) which lifts the adjoint action
Ad : S˘p(E) × Sp(E) → Sp(E), g˘, x → g˘xg˘−1
and ﬁxes the central element −1 ∈ S˜p(E). The construction of (1) also tells us that the restriction
Ad : Sp(E) × S˜p(E) → S˜p(E)
of the action map (1) coincides with the descent of the adjoint action
Ad : S˜p(E) × S˜p(E) → S˜p(E), g˜, x˜ → g˜x˜g˜−1.
This note is aimed to provide a proof of the following result, which is useful for representation
theory of metaplectic groups. It was expected by Moeglin, Vigneras and Waldspurger and proved by
them when p(x˜) ∈ Sp(E) is semisimple [MVW, Chapter 4, Proposition I.8].
Theorem 1.1. For every x˜ ∈ S˜p(E), there is an element g˘ ∈ S˘p(E) \ Sp(E) such that Adg˘ x˜ = x˜−1 .
The analytic version of Theorem 1.1 says that for every g˘ ∈ S˘p(E) \ Sp(E) and every invariant
(under the adjoint action of S˜p(E)) generalized function f on S˜p(E), one has that f (Adg˘ x˜) = f (x˜−1)
as generalized functions on S˜p(E). Since a more general statement holds true, we should not prove
this fact here [Sun, Theorem 3.3].
2. The proof
Let x˜ ∈ S˜p(E) be as in Theorem 1.1. Write the Jordan decomposition x := p(x˜) = su in Sp(E), where
s is semisimple and u is unipotent. Denote by
√
u the unique unipotent element of Sp(E) such that
(
√
u )2 = u. Pick a lift u◦ ∈ S˜p(E) of √u, and put u˜ := u◦2. Then p(u˜) = u, and u˜ is independent of
the choice of u◦ . Write s˜ := x˜u˜−1. In view of the following Lemma 2.1, s˜ and u˜ commute with each
other. The identity x˜ = s˜u˜ is called the Jordan decomposition of x˜.
Lemma 2.1. (See [MVW, Chapter 2, Lemma II.5].) Every two elements of S˜p(E) commute with each other if
their projections to Sp(E) commute with each other.
Obviously, Lemma 2.1 implies
Lemma 2.2. Let g ∈ Sp(E) and y˜ ∈ S˜p(E). If g commutes with p( y˜) in Sp(E), then Adg y˜ = y˜.
Denote by Gs the centralizer of s in Sp(E). Deﬁne
G˘s :=
{
(g, δ) ∈ S˘p(E) ∣∣ gsg−1 = sδ}.
It contains Gs as a subgroup of index two [MVW, Chapter 4, Proposition I.2]. More generally, recall
the following
2080 Y. Fang, B. Sun / Journal of Number Theory 131 (2011) 2078–2080Lemma 2.3. (Cf. [MVW, Chapter 4, Proposition I.2] and [Sun, Theorem 2.1].) For every element y in Gs, there
is an element g˘ ∈ G˘s \ Gs such that Adg˘ y = y−1 .
As a consequence of Lemma 2.3, we have
Lemma 2.4. There is an element g˘ ∈ G˘s \ Gs such that Adg˘ u˜ = u˜−1 .
Proof. Note that
√
u ∈ Gs . By Lemma 2.3, there is an element g˘ ∈ G˘s \Gs such that Adg˘
√
u = (√u )−1.
Therefore
Adg˘u
◦ = u◦−1, (2)
where  = ±1 is an element of the kernel of the projection map p. By taking the squares of both
sides of (2), we have that Adg˘ u˜ = u˜−1. 
Lemma 2.5. For every element g˘ ∈ G˘s \ Gs, we have that Adg˘ s˜ = s˜−1 .
Proof. Recall that Theorem 1.1 is known when x is semisimple [MVW, Chapter 4, Proposition I.8].
Apply it to s˜, we get an element g˘s ∈ S˘p(E) \ Sp(E) such that
Adg˘s s˜ = s˜−1. (3)
The identity (3) implies that g˘s ∈ G˘s \ Gs . Every element of g˘ ∈ G˘s \ Gs is of the form g˘ = g˘s g0, where
g0 ∈ Gs . Lemma 2.2 implies that
Adg0 s˜ = s˜. (4)
Combining (3) and (4), we get that Adg˘ s˜ = s˜−1. 
Now we are ready to prove Theorem 1.1. Use Lemma 2.4, we get an element g˘ ∈ G˘s \ Gs such that
Adg˘ u˜ = u˜−1. Then by Lemma 2.5, we have that
Adg˘ x˜ = (Adg˘ s˜)(Adg˘ u˜) = s˜−1u˜−1 = x˜−1.
This ﬁnishes the proof.
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